Magnetic skyrmionium is a novel magnetization configuration with zero skyrmion number, which is composed by two skyrmions with opposite skyrmion number. Here, we study the dynamics of skyrmionium under an anisotropy gradient. We find that the skyrmionium can be efficiently driven by an anisotropy gradient with moving straightly along the direction of gradient. The skyrmion Hall angle for skyrmionium is close to zero which is much smaller than that of skyrmion. while the speed is much larger. We also demonstrate that the skyrmionium motion depends on the damping cofficient, and the skyrmionium stabilization in the motion can be modulated by narrowing the width of the nanowire. Our work shows a efficient driven method for skyrmionium, which may be promising in the application of skyrmionium based racetrack memory.
Recently, magnetization configurations, such as droplets, [1] domain walls (DW), [2, 3] skyrmions [4, 5] and skyrmioniums [6] [7] [8] , have attracted considerable attentions in the application of spintronic devices as information carriers. As topological protected magnetic structures, skyrmions are quite small in size and can be driven by spin transfer torque (STT) and spin Hall effect (SHE), [9] [10] [11] [12] the current density is significantly lower than that moving a magnetic DW. Since they have been theoretically predicted and experimently discovered in magnetic materials MnSi, [13, 14] lots of researches are focused on the generation and manipulation of skyrmions. [15] [16] [17] They have been promised potential applications in next-generation memory and spintronic devices, such racetrack memory, [9, 18, 19] spin transfer nano oscillators (STNOs), [20, 21] logic devices, [22] neuromorphology devices [23, 24] and so on.
Skyrmion Hall effect is an important obstacle for the manipulation in confined magnetic geometries, which is induced by Magnus force acted on skyrmion. [25, 26] For skyrmions with topological number of Q = ±1, the deflection and corresponding skyrmion Hall angle are in opposite directions. Skyrmionium is a skyrmionlike magnetization configuration with a topological number Q = 0. [6, 7] It can be viewed as a composed structure nested by a skyrmion with Q = 1 and a skyrmion with Q = −1. This intriguing characteristic makes skyrmionium as a promising information carrier for spintronic devices, where the dynamics are significantly different from those of skyrmions. The generation and stablization of skyrmionium have been theoretically proposed in the system with DzyaloshinskiiMoriya interaction (DMI) [27, 28] or the gradient of curvature. [29] It has been experimently verified in ferromagnetic thin film and ferromagnetic topological insulator heterostructure. [7, 30] Recent investigations are focused on the skyrmionium manipulation, which can be * liuqf@lzu.edu.edu driven by magnetic field, [31] spin transfer torque [6] and spin waves, [8] and the skyrmion Hall effect is limited for skyrmionium. However, a more energy efficient driving method is needed and the dynamics of skyrmioniums under anisotropy gradient still remain unexplored.
In this paper, we investigate the dynamics of a skrmionium under an anisotropy gradient as compared to skyrmions with opposite topological number Q. We also study the effect of damping constant. It is found that the skyrmionium can be efficiently driven along the direction of anisotropy gradient without deflection, and the moving velocity is obviously higher than that of skyrmions. Moreover, we show that the skyrmionium stabilization can be modulated by narrowing the nanowire width.
Micromagnetic simulations have been performed using Mumax3 code. [32] The time-dependent magnetization dynamics is given by the Landau-Lifshitz-Gilbert equation
where m = M/M s is the unit vector of the magnetization, M s is the saturation magnetization. γ and α are gyromagnetic ratio and the Gilbert damping, respectively. H eff = 2A∇ 2 m + 2K u m z e z + H DM is the effective field including the Heisenberg exchange field with exchange stiffness A, perpendicular magnetic anisotropy field with anisotropy coefficient K u , and interfacial DMI field H DM characterized by DMI constant D. The ferromagnetic film size is 512 nm × 512 nm × 0.6 nm, the mesh size is 2 nm × 2 nm × 0.6 nm. The model parameters are adopted as follows:
3 A/m. The Gilbert damping α varies from 0.01 to 0.3 and DMI strength D = 3.5 mJ/m 2 . We consider that an electrode layer and a wedged insulating dielectric layer are fabricated on the top of the ferromagnetic layer, a constant linear anisotropy gradient is generated along the x-axis of system, as shown in Fig. 1 . The maximum (High K) and minimum (Low K) magnetic anisotropy are displayed at the edge of the film. Inset shows the magnetization configuration of a skrmionium located in the ferromagnetic film, where the red and blue colors represent positive and negative z-component of magnetization, respectively. The anisotropy distribution along x-axis is K uv = K u + (dK u /dx)x, in which dK u /dx represents the anisotropy gradient, those values with High K and Low K are depicted in Table. I. Table. I and Fig. 2 , the anisotropy variation along x-axis has a weak influence on skrmionium size change in the motionthus we assume that the skyrmionium magnetization profile performs a translation without deformation.
First, we consider a skyrmionium placed in the ferromagnetic layer, which moves under anisotropy gradient. To describe the skyrmionium dynamics under anisotropy gradient, we use the model in the framework of the Thiele equation, [33] which treated the skyrmionium as a rigid particle,
where v s is the velocity of skyrmion, G = Ge z = 4πQe z is the gyromagnetic coupling vector. Q = is the dissipative force tensor, where
F is the driving force from the anisotropy gradient along x-axis described as
The force due to boundary effect is not considered for that the skyrmionium is far from the edge of the sample. As the anisotropy gradient is only applied along x-axis, F = F e x , we obtain
where v x and v y are the moving velocity in x and y directions. Thus
which depicts that the skyrmionium motion is along the direction of anisotropy gradient x-axis, the velocity is proportinal to dK u /dx and inversely proportional to α. While for skyrmion with Q = ±1, G = 0, the skyrmion velocity v x and v y are expressed as [34] 
dxdy ( 
. Clearly, the skyrmionium velocity is larger than the skyrmion velocity with the same magnetic parameters. The moving directions for them are quite different. The skyrmion Hall angle is defined as
which is θ = 0 for skyrmionium, and θ = arctan((4πQ)/(D ij α)) for skyrmion. Depending on the sign of Q and the Magnus force acted on, skyrmions with opposite skyrmion number moves with opposite skyrmion Hall angle. As the skyrmionium is composed of two skyrmions with opposite skyrmion numbers (Q = 1 and Q = −1). The total effective force acting on skyrmionium can be treated as the combination forces from two skyrmions, where the transverse force is zero.
Based on the analytical model, we carried out the simulation of the motion of skyrmionium. The simulated skyrmionium velocity v x and v y as a function of damping constant α are shown in Fig. 3 . A Inverse function relationship of v x related to α is observed as predicted, the corresponding v y is about zero. Inset in Fig. 3 shows the simulated results of θ. It is worth noted that the skyrmionium size increases moving from high K u area to low K u area. While in our system, when we set the DMI strength D = 3.5 mJ/m 2 and dK u /dx = −0.5 × 10 11 J/m 4 , the skyrmionium magnetization profile only exhibits small differeces between in the region of high K and low K, and the change of skyrmionium size is negligible, as previously shown in Fig. 2 and Table. I.
In order to further investigate the skyrmionium dynamics driven by anisotropy gradient, we investigate its motion under different dK u /dx, and compare with the dynamics of skyrmion with Q = ±1, as shown in Fig. 4 . The results depicted in Fig. 4(a) show that a larger anisotropy gradient will create a larger driving force which in turn lead a higher velocity for skyrmionium, the velocities of v x are linearly proportional to |dK u /d x |. However, v y is close to zero. These results are in consist with the analytical results in Eq. 5. Fig. 4 (b) shows the trajectories of skyrmionium and skyrmions (Q = ±1) at the damping parameter α = 0.3, where the anisotropy gradient is fixed as dK u /dx = −0.5 × 10 11 J/m 4 . The skyrmionium straightly moves along the +x direction without transverse motion. While for skyrmions, their motions exhibit a deflection towards the +y and −y directions for Q = −1 and Q = 1, respectively. The transverse shift of skyrmion is referred as skyrmion Hall effect, which is similar to the skyrmion motion driven by current. A topological Magnus force will act on skyrmion when skyrmion is moving, which is perpendicular to the velocity of skyrmion. The directions of Magnus force depends on sign of the skyrmion number Q, which are opposite for Q = −1 and Q = 1. As the skyrmionium can be viewed as a hybrid of skyrmion with opposite Q, the Magnus force acted on skyrmionium is cancelled out, thus the skyrmionium can moves in a straight trajectory.
Figure. (Fig. 4 (d) ), where |dK u /dx| = 0.01, 0.5, 1.0 × 10 11 J/m 4 , it is found that the skyrmionium velocity is much larger than that of skyrmion. It is worth mentioning that only v x of skyrmionium and v y of skyrmions are depicted to demonstrate the moving directions of skyrmions in Fig. 4 , for that v y = 0 for skyrmionium and v x for skyrmions are quite small.
A larger anisotropy gradient is necessary to increase skyrmionium velocity, while it induces a significant change of skyrmionium size, which limits the application in racetrack memory. The skyrmionium deformation with moving in nanowire under a larger anisotropy at α = 0.02 is indicated in Fig. 5 . When the skyrmionium moves in a nanowire with width d = 256 nm, its magnetization profile keeps unchanged in a small anisotropy gradient with |dK u /dx| = 0.5 × 10 11 J/m 4 . When the anisotropy gradient increases to 1 × 10 11 J/m 4 , the skyrmionium magnetization profile only exhibits a slight change with a small transverse shift for inner part, and the outer part elongates along y direction. While for |dK u /dx| = 2 × 10 11 J/m 4 , the transverse shift of inner part and the elongation of outer part for skyrmionium is more significant. Two nested skyrmions experience the Magnus force when the skyrmionium is moving, which are in opposite directions (+y and −y). In a large anisotropy gradient, the Magnus force acted on two skyrmions increases with increasing speed. Thus, the skyrmionium stabilization is perturbed with the inner and outer skyrmion moving toward −y and y directions, respectively. The competetion between these two effect induces the skyrmion deformation in the large anisotropy. As depicted in the left corner of Fig. 5 , a skyrmionium with negative polarity moves with a deformation that exhibits a slight change with a small transverse shift along y direction for inner part, which is opposite to that shown in the right corner of Fig. 5 .
With decreasing the width of nanowire to 100 nm, the skyrmionium size for initial state reduces compared to the skyrmionium in the nanowire with d = 256 nm. In different anisotropy gradients, the skyrmionium magnetization profiles keep stable, and a small deformation appear in a larger anisotropy gradient |dK u /dx| = 2 × 10 11 J/m 4 . The Magnus force acted on inner and outer part of skyrmionium is compensated by the edge of nanowire, and the deformation is limited comparing to the case of d = 256 nm. It is found that the boundary confinment of the nanowire plays an important role to stabilize skyrmionium. Many methods have been proposed to confining the skyrmion in the racetrack and increasing moving speed, such as modifying magnetic parameters (magnetic anisotropy, DMI), [35, 36] using curbed nanowire. [37] By modification the boundary effect of skyrmionium based racetrack, the stabilizaiton and moving speed can be enhanced.
In summary, we have studied the skyrmionium motion in an anisotropy gradient. We find that the skyrmionium moves straightly along the direction of anisotropy gradient, and the velocity increases linearly with dK u /dx which is much larger than that of magnetic skyrmion. Moreover, we find that a larger anisotropy gradient induces deformation of skyrmionium. By narrowing the nanowire and enhancing the boundary confinment, the skyrmionium deformation can be limited with a large motion speed. Our results may be useful in the application of energy efficient skyrmionium based spintronic devices.
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